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Abstract
This note introduces a new version of the discontinuous Galerkin method for discretizing ﬁrst-order hyperbolic
partial differential equations. The method uses piecewise polynomials that are continuous on a macroelement
surrounding the nodes in the unstructured mesh but discontinuous between the macroelements. At lowest order,
the method reduces to a vertex-centered ﬁnite-volume method with control volumes based on a dual mesh, and
the method can be implemented using an edge-based data structure. The method provides therefore a strategy
to extend existing vertex-centered ﬁnite-volume codes to higher order using the discontinuous Galerkin method.
Preliminary tests on a model linear hyperbolic equation in two-dimensional indicate a favorable qualitative behavior
for nonsmooth solutions and optimal convergence rates for smooth solutions.
© 2005 Elsevier B.V. All rights reserved.
Keywords: Discontinuous Galerkin method; Edge-based; Vertex-centered; Dual mesh; Finite-volume schemes; Hyperbolic
equations
1. Background and motivation
The ﬁnite-volume method is the dominating discretization approach for the aerodynamic equations in
the engineering community.A ﬁnite-volume scheme for this application balances exactly the ﬂux ofmass,
momentum, and energy across the boundaries of “control volumes” constructed from a meshing of the
domain of interest. The art and science of ﬁnite-volume methods consists of devising these “numerical
ﬂuxes” from theﬂuid statewithin the control volumes. Finite-volumemethods are suitable for unstructured
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meshes and can therefore be used for very complicated geometries. Moreover, the local conservation
property build into the ﬁnite-volume methods is of importance to correctly handle gas dynamic effects
like shocks. LeVeque [7] provides a comprehensive discussion on ﬁnite-volume method for hyperbolic
problems.
It has been a long-lasting effort to improve the low-order accuracy of the basic ﬁnite-volume approach.
One approach—used in the so-called high-resolution schemes MUSCL, ENO, and so forth—relies on ex-
trapolation of the grid values of the solution to create more accurate ﬂux approximations. These schemes
increase only moderately the computational complexity and the memory requirements of the computa-
tions. However, since the accuracy comes from extrapolation, the computational stencil grows with the
order, and the regularity requirements on the mesh are likely to be high in order to really obtain any
improved accuracy.
The discontinuous Galerkin method can be viewed as a way, completely different from the high-
resolution schemes, of increasing the order of accuracy of the basic ﬁnite volume idea. The discontinuous
Galerkin method reduces to a ﬁnite-volume scheme at lowest order but obtains its increased order not
from extrapolation but from a local approximation of the operator. The properties of the discontinuous
Galerkin scheme are somewhat opposite to the high-resolution schemes: the computational stencil is local
regardless of order, and the approximations can therefore be expected not to dependent as much on the
mesh regularity as the high-resolution schemes. On the other hand, the computational complexity and the
memory requirements increase sharply with order.
Discontinuous Galerkin methods developed rapidly during the 1990s. The volume edited by Cockburn
and Shu [2] summarizes the status around the turn of the millennium. There is a great deal of hope
that these methods will appear also in industrial codes. One potential show-stopper is that the common
discontinuousGalerkinmethod is a higher-order version of a cell-centered ﬁnite-volume scheme, whereas
many of today’s industrial-type codes, such as the Swedish Edge [3] or the German DLR-Tau [4], are
vertex-centered. Moving to the discontinuous Galerkin method would therefore necessitate the major
undertaking of rewriting the code from scratch. This article introduces a discontinuous Galerkin method
that reduces to the ﬁnite-volume scheme of Edge or DLR-Tau at lowest order. The method is compatible
with the data structures used in such codes, and it is therefore possible to extend such a code to higher
order by employing the present scheme.
2. The method
We introduce the method for the scalar model hyperbolic problem
 · ∇u + u = f in ,
u = g on −, (1)
where  ⊂ R2,  is a constant 2-vector with || = 1, 0, and − is the portion of the boundary of 
such that n · < 0, where n is the outward-directed unit normal on the boundary of .
Let us partition the domain  into M nonintersecting elements Ki’s (to be constructed later) so that
=⋃Mi=1 Ki . The space Vh of candidate solutions to Eq. (1) will consist of functions whose restrictions to
Ki are continuous, piecewise polynomials (the precise construction is given below). However, functions
in Vh will in general have jump discontinuities along the boundary of the Ki’s.
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Fig. 1. Two dual triangles (dashed) are associated with each primal edge. The left picture illustrates the layout of the dual triangles
for the internal edges and the right picture for the boundary edges.
The discontinuous Galerkin method for problem (1) is
Find uh ∈ Vh such that
a(vh, uh) = L(vh) ∀vh ∈ Vh, (2)
where a(vh, uh) =∑Mi=1 ai(vh, uh), L(vh) =∑Mi=1 Li(vh), and
ai(vh, uh) =
∫
Ki
vh · ∇uh dx −
∫
K−i \−
 · nvh(u+h − u−h ) ds
−
∫
K−i ∩−
 · nvhu+h ds +
∫
Ki
vhuh dx, (3)
Li(vh) = −
∫
K−i ∩−
 · nvhg ds +
∫
Ki
vhf dx,
in which u+(x) = lims→0+ u(x + s), u−(x) = lims→0+ u(x − s), and K−i is the portion of Ki (the
boundary of Ki) such that n · < 0.
The above scheme is nothing else than the standard discontinuous Galerkin method for problem (1) in
case the Ki’s are triangles or quadrilaterals and the restriction of functions in Vh to the Ki’s are the usual
polynomials used in ﬁnite-element spaces [5]. We will however make another choice for Ki and Vh.
Assume that we are given a standard nondegenerate triangulation of , the primal mesh. We construct
a dual mesh by the following procedure (Fig. 1). For each primal edge that is not located on the boundary,
draw a line that connects the centroids of the two primal triangles attached to the edge. This line will
be the common side of two dual triangles with vertices at the two primal nodes of the edge and at the
centroids of the attached primal triangles. For the edges on the boundary, the common side of the two
dual triangles will be the line connecting the centroid of the attached primal triangle with the midpoint
of the edge. Fig. 2 depicts an example of a primal mesh and corresponding dual triangulation. The mesh
is uniform in this example. However, the construction described above can be carried out for any given,
nondegenerate primal mesh. Note that the dual mesh is ﬁner than the primal: the dual mesh contains all
the vertices of the primal mesh but has vertices also at centroids of the primal triangles.
Let M be the number of vertices in the primal mesh. For each vertex i = 1, . . . ,M in the primal mesh,
let Ki be the macroelement comprised of the triangles in the dual mesh that surrounds vertex i. For the
mesh in Fig. 2, each macroelement is indicated with different shades. For this particular mesh, each Ki
will be a regular hexagon for the internal nodes. However, in general, the Ki’s will just be some polygons
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Fig. 2. A primal mesh (left) and corresponding dual triangular mesh (right). The vertices of the primal mesh are indicated as
bold dots in the dual mesh.
Fig. 3. The dashed lines show a primal mesh and the solid lines (fat and narrow) corresponding dual mesh. The degrees of
freedom for Vh are associated the edges in the primal mesh as illustrated with circles and squares for piecewise constants (left),
piecewise linears (middle), and piecewise quadratics (right). Functions in Vh are discontinuous along the fat lines.
composed of triangles. Let V ih,p be the space of continuous functions onKi that are polynomials of degree
p on each of the triangles that comprise Ki . The ﬁnite-element approximations will be
Vh = {vh | vh|Ki ∈ V ih,p, i = 1, . . . ,M}.
Note that functions inVh will in general contain jumpdiscontinuities at the boundary of eachmacroelement
Ki .
The point with this construction is that we may associate the degrees of freedom for the functions with
the primal edges and arrange the assembly of all terms in expressions (3) solely as loops over the primal
edges. Preceding the assembly process, a preprocessor loops all elements in the primal mesh to build a
list of primal edges. Each element in this list points to the degrees of freedom that is associated with the
dual triangles that intersect the edge. Fig. 3 shows the degrees of freedom associated with a primal edge
when standard Lagrangian elements is used within each macroelement. It is also convenient to compute
and store geometry information, needed for the boundary integrals in expression (3), at the preprocessor
stage, such as the normal vector associated with the dual edge that crosses each primal edge. The assembly
process proceeds then edge by edge using only the information gathered in the preprocessor. (A separate
loop over the boundary edges assembles the boundary contributions.)
A similar process can be devised for quadrilateral meshes and for various elements in three dimensions
(3D). The preprocessor will also then provide a list of edges and associated geometric quantities, and the
assembly can proceed edge by edge. (Recall that a separate loop over the boundary edges computes the
boundary contributions in two dimensions (2D). Corresponding loop in 3D is over the boundary surfaces.)
Thus, the assembly process is essentially identical in two or three space dimensions, for various element
types, and for mixed meshes consisting of different types of elements in the same mesh.
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At lowest order—for p = 0—the above scheme reduces precisely to a very popular vertex-centered,
edge-based ﬁnite-volume scheme [1, Chapter 5] applied to problem (1)when using a ﬁrst-order upwinding
numerical ﬂux. Forp > 0, the above scheme is not discussed in the literature, to the best of my knowledge.
3. Stability and accuracy
Analogously to the standard discontinuous Galerkin method, the bilinear form a satisﬁes, for each
vh ∈ Vh, the coercivity property
a(vh, vh) =
∫

v2h dx +
1
2
M∑
i=1
∫
K−i
[vh]2|n · | ds + 12
∫
+
(v−h )
2|n · | ds, (4)
where [vh]=v+h −v−h denotes the jump in vh across the macroelement boundary. The proof of property (4)
proceeds identically to the standard discontinuous Galerkin method [5, Lemma 9.3]. The right-hand side
of expression (4) deﬁnes a (mesh-dependent) norm, in which the solution uh will be bounded. The second
term on the right-hand side is the crucial component in this norm, since it bounds the jumps in the solution
at the macroelement boundaries. Due to this stability bound the error estimate ‖u − uh‖L2()Chp+1/2
most likely can be derived similarly as in the classic article of Johnson and Pitkäranta [6].
4. Numerical tests
The numerical tests use a Matlab implementation that is realized following the strategy outlined in
Section 2. That is, a preprocessor computes a list of edges with pointers to the associated degrees of
freedom (Fig. 3) together with edge-based geometric information. The assembly then proceeds using only
the edge-based information. The implementation veriﬁes that the scheme could be used as an extension
to an existing vertex-centered ﬁnite-volume scheme.
For all the numerical tests we use unstructured triangular meshes on the unit square = (0, 1)× (0, 1).
The ﬁrst study concerns a qualitative behavior of the scheme, namely the possibility to preserve a “crease”
in the solution. Let  = 0 and  = (cos 40◦, sin 40◦) in Eq. (1). The solution to Eq. (1) will be constant
along the characteristic lines pointing in the direction of . We provide the boundary data
g =
{
x(1 − x) for x ∈ (0, 1), y = 0,
0 for y ∈ (0, 1), x = 0,
which has a discontinuity in the derivative at the origin. Fig. 4 depicts the exact solution to Eq. (1) and
the numerical solution using piecewise-linear macroelements on a very coarse mesh. The picture to the
right in Fig. 4 clearly displays the nature of the approximations: the solution is continuous within each
macroelement but discontinuous between the macroelements. Fig. 5 compares, on a much ﬁner mesh,
the numerical solutions using piecewise-constant and piecewise-linear approximations. The piecewise-
constant approximation is highly dissipative, whereas in the piecewise-linear approximation, the discon-
tinuity in the derivative is well localized, not spreading, and the solution is without any visible smearing.
Recall that the piecewise-constant approximation is equivalent to the usual vertex-centered ﬁnite-volume
approximation with a ﬁrst-order upwind ﬂux.
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Fig. 4. The exact solution (left) and the numerical solution using piecewise-linear approximations on each multicellular element
Ki (right) when using a mesh with 48 nodes in the primal mesh.
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Fig. 5. The numerical solution using piecewise-constant (left) and piecewise-linear approximations (right) on each multicellular
element Ki , when using a mesh with 2449 nodes in the primal mesh.
Table 1
Errors, convergence rates (s), and the number of degrees of freedom (DOF) for piecewise-constant (left) and piecewise-linear
(right) approximations; h0 = 0.137
hmax ‖u − uh‖0 s DOF hmax ‖u − uh‖0 s DOF
h0 0.26 48 h0 0.022 310
h0/2 0.18 0.52 169 h0/2 5.3 × 10−3 2.0 1137
h0/4 0.11 0.66 633 h0/4 1.3 × 10−3 2.0 4345
h0/8 0.066 0.77 2449 h0/8 3.3 × 10−4 2.0 16977
h0/16 0.037 0.85 9633 h0/16 8.1 × 10−5 2.0 67105
h0/32 0.020 0.90 38209 h0/32 2.0 × 10−5 2.0 266817
To quantify the order of convergence for smooth solution, we let =1 and consider the smooth boundary
data
g =
{
sin 2x for x ∈ (0, 1), y = 0,
sin 2y for y ∈ (0, 1), x = 0.
We consider a series of successively uniformly reﬁned unstructured triangular meshes. Table 1 reports
errors in the L2() norm and estimated convergence rates s for each reﬁnement under the assumption
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‖u − uh‖L2() ∼ Chs . For approximations that are piecewise-linear (p = 1) on each macroelement Ki ,
the optimal convergence rate s = 2 is quickly assumed, whereas the optimal rate s = 1 is only slowly
approached from below for piecewise-constant (p = 0) approximations.
5. Discussion
We have seen in Section 2 that the vertex-centered ﬁnite-volume scheme, common in today’s Compu-
tational Fluid Dynamics codes, can be interpreted as a discontinuous Galerkin method with polygonal
macroelements. This observations has at least two consequences. First, it permits a ﬁnite-element anal-
ysis of this ﬁnite-volume scheme; ﬁnite-volume schemes on general unstructured meshes are otherwise
hard to analyze. Second, this observation opens up the possibility to extend this ﬁnite-volume scheme
to higher order in a completely different way than used in the high-resolution ﬁnite-volume schemes.
The local character of the discontinuous Galerkin method should make it less sensitive to mesh quality
than the high-resolution ﬁnite-volume schemes. The implementation that was used for the numerical tests
veriﬁed that this discontinuous Galerkin scheme can be implemented analogously to the vertex-centered
ﬁnite-volume scheme, using an extended edge-based data structure.
The numerical tests compare the piecewise-constant with the piecewise-linear approximations on each
macroelement. The highest convergence rate that can be proven for general meshes assuming quasi-
uniform mesh reﬁnements is likely to be identical to the standard discontinuous Galerkin method, namely
‖u − uh‖L2()Chp+1/2 [6], that is, h1/2 and h3/2 for the piecewise-constant and piecewise-linear
approximations, respectively. The numerical tests indicate however the optimal rates h and h2. It may
be that the rates h1/2 and h3/2 are only attained for very special meshes, as is the case for the standard
discontinuous Galerkin method [8].
The piecewise-linear approximations clearly outperforms the piecewise-constant in both numerical
tests. The accuracy for smooth solutions is much higher for the piecewise-linear approximations for the
same number of degrees of freedom, and the higher-order scheme also better preserves “creases” in the
solution. This result is encouraging for further exploration of this scheme for, say, the Euler equations of
gas dynamics.
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